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Kohn-Sham Density Functional Theory

Hohenberg-Kohn theorem:

ngs(r)
1−to−1⇐⇒ vext(r)
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Kohn-Sham Density Functional Theory

Hohenberg-Kohn theorem:

ngs(r)
1−to−1⇐⇒ vext(r)

N-electron system n(r) −→ non-interacting Kohn-Sham system n(r)(
− 1

2
∇2 + vKS[n](r)

)
φj = εjφj(r)

vKS[n](r) = vext(r) + vH [n](r) + vxc [n](r)
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Kohn-Sham Density Functional Theory

Hohenberg-Kohn theorem:

ngs(r)
1−to−1⇐⇒ vext(r)

N-electron system n(r) −→ non-interacting Kohn-Sham system n(r)(
− 1

2
∇2 + vKS[n](r)

)
φj = εjφj(r)

vKS[n](r) = vext(r) + vH [n](r) + vxc [n](r)

Ev [ngs ] = TKS[n] + V [n] + UH [n] + Exc [n]

vxc(r) =
δExc

δn(r)

How to write Exc and vxc???
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Machine Learning Approaches for DFT

Research the viability and behaviour of strongly non-local functionals
and training approaches
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Machine Learning Approaches for DFT

Research the viability and behaviour of strongly non-local functionals
and training approaches

Previous approaches:

Learning the exchange-correlation potential Tozer et al.
J.Chem.Phys. 1996, Nagai et al. J.Chem.Phys. 2018

Learning the non-interacting kinetic energy functional Snyder et al.
J.Chem.Phys 2013, Brockherde et al. Nat.Commun. 2017

Challenges:

Availability of the functional derivative (Nagai et al. Arxiv 2019)

Notoriously difficult to develop accurate kinetic energy functional
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First Approach

Neural
Network

Density

Exc

vxc

forward propagation

backward propagation

Calculate vxc through autograd functionality of neural
network frameworks
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Locality

"GGA"

NN
Non-Local

  LDA
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Data

Exact calculations with 2 electrons in randomized 1D-external
potentials
Inversion of the Kohn-Sham system leads to Exc and vxc which is
used for training

vext = − Z1

(α1 + (r − R1)2)
1
2
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Loss-Function

Goal achieve optimal total energy:

Etotal =
∑

Ei + Exc −
∫

vxc(r)n(r)dr − EH

Loss function:

L(θ, ni ) = αMSE(Exc) + βMSE (vxc) + γMSE(
dvxc(r)

dr
)+

δMSE(Exc −
∫

vxc(r)n(r)dr)
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Locality
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Locality

Relative energy errors for self consistent KS-calculations:

Kernel MAE [a.u. 10−2] MAE(LDA)/MAE(ML)
DFT LDA 1.35 1.0

1 0.81 0.6
2 0.79 0.59

15 0.41 0.30
30 0.21 0.16
40 0.34 0.25
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1D-H2-Dissociation
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Self-consistent Training

Density Solve Kohn-
Sham system

new Density

Neural
Network } Total Energy Loss Function

Exc

vxc
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Self-consistent Training

Density Solve Kohn-
Sham system

new Density

Neural
Network } Total Energy Loss Function

Exc

vxc

Advantage: No inversion needed

Disadvantage: More challenging to train
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Summary

1 Modern machine learning frameworks allow the simple training of
functionals and their derivatives

2 Neural networks facilitate the development of strongly non-local
exchange-correlation functionals

Outlook:

Development of 3D functionals
for molecules and solids
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